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A six-dimensional complex formulism is developed for analysing Lamb waves propagating at subsonic velocity in anisotropic
layers. An exarople of an elastic layer made of a material with cubic symmetry and with homogeneous boundary conditions is
presented in which some of the Lamb waves, that propagate in the directions of elastic symmetry, are not present at certain
values of the phase velocity. © 2001 Elsevier Science Lid. All rights reserved.

Beginning with Lamb’s paper {1], in which the basic equations for describing the propagation of elastic waves in
an isotropic layer were obtained, it has been assumed in all subsequent investigations of harmonic waves with an
amplitude varying throughout the thickness of a layer that the wave consists of certain partial waves (PWs) which
have the form

w(x) = myeMxY grinx-c) (0.1)

where uy is the displacement field due to the k-th PW, my is the vector amplitude which, in the general case, is
complex and is determined from the Christoffel equation, v, is a root of the Christoffel equation, r is the wave
number, v is the vector of a unit normal to the middle surface of the layer, n is the vector of the wave normal which
lies in the middle plane and specifies the direction of propagation of the wave front and ¢ is the phase velocity.
For a2 Lamb wave to exist, it is necessary that all of the PWs constituting the wave have one and the same wave
number and the same phase velocity.

Representation (0.1) for a PW has been used, in addition to Lamb waves, for Rayleigh waves [2] and Stoneley
waves [3]. The latter are waves which propagate along a plane boundary between two different elastic half-spaces.
In some investigations, such as [4, 5], for example, which are concerned with analysing Lamb waves in isotropic
layers, the solution was constructed in complex Papkovich — Neuber potentials and the potentials were chosen in
a form which ensured that representation (0.1) was satisfied. Representation (0.1) has also been used (see [6-10],
for example) in the case of anisotropic layers for PWs which constitute a Lamb wave.

It is shawn below that, in the case of Lamb waves which propagate at subsonic velocity in anisotropic
layers (the phase velocity of a Lamb wave does not exceed the minimum velocity of a body wave propagating in
the same direction), representation (0.1) needs correcting as, in certain cases, depending on the form of the
anisotropy and the relations between the components of the elasticity tensor and the phase velocity, a Lamb wave
can consist of a smaller number of PWs than was assumed in approaches dating back to Lamb’s time. A proof of
the existence of forbidden directions and velocities at which a Lamb wave cannot propagate serves as a result of
this.

1. BASIC RELATIONS

The equations of motion of an anisotropic medium can be written in the form
A(9,. d)u=div,C--Vu-pu=0 (1.1)

where p is the density of the medium and C is a tetravalent elasticity vector. It is assumed that this
tensor is positive definite

B--C-B)= B,c'™p. . >0, VB
¢ ) i.j.zm.n 4 " Besym(R°® &%), B»0 (1.2)
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Substituting the expression for a partial wave (0.1) into the equation of motion we obtain Christoffel’s
equation

(Y v +n)‘C-(n+y,,v)—pczl)-mk =0 (1.3)
where I is the identity matrix. Equation (1.3) can be written in the equivalent form
det((y,v +n)-C-(n+7kv)—pc2l)=0 (1.4)

Christoffel’s equation in the form (1.4) can be considered as a polynomial equation of the sixth degree
in y;. Since the coefficients of polynomial (1.4) are real, its complex roots occur in the set of all roots
as complex conjugate pairs.

It can be shown (see [11], for example) that Eq. (1.4) does not have real roots if the phase velocity
is less than the so-called lower limiting velocity ¢i™. In turn, ¢i™ does not exceed the lowest velocity of
a bulk wave propagating in the same direction. Henceforth, it is assumed that the following condition
is satisfied

c<ai™ (1.5)

This ensures that there are no real roots in Christoffel’s equation.

2. THE SIX-DIMENSIONAL FORMULISM

Since it is not known in advance whether representation (0.1) is the only possible representation for a
partial wave, we will consider the following (most general) representation for a harmonic wave with a
plane wavefront and a non-uniform amplitude

v(x")er(mx=cn) 2.1

where v(x”) is a non-uniform, generally speaking, complex vector amplitude and x” = #v - x such that
x” is a dimensionless (imaginary) coordinate in the direction which is defined by the vector ». The
exponential factor in (2.1) corresponds to the motion of a plane wavefront with a phase velocity ¢ in
the direction . No a priori constraints of any kind are imposed on the smoothness of the vector amplitude
v(x).

Substituting representation (2.1) into the equation of motion (1.1) we obtain the second-order matrix
differential equation

{(v-C-v)% +(v Cn+n-C-w)d,. +(n-C-n—-pc’Dv(x”) =0 2.2)

A direct analysis of Eq. (2.2) is rather complex. The situation can be simplified if we introduce the
supplementary vector function

w(x")y=0_.v(x") (2.3)
Then, since the tensor C is positive-definite, Eq. (2.2) reduces to the first-order matrix differential
equations
v v
o _~ =R, 24
x (WJ RE (WJ ( )
where
O 1 = .. -1, Nols I 2
R, = ’ M={-C v)_| (n-C-n-pc’l) (2.5)
-M -N|| N=@ Cv)' - w-Cn+n-C-v)

(M and N are real, third-order matrices).
When the structure of the matrix Ry is taken into account, its six-dimensional eigenvectors can be

conveniently represented in the form
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mg=(m; m’), m, meC?
The mapping F : C* — C? such that
F(mg)=m (2.6)

is subsequently required.

Remark 2.1. Taking account of relations (2.4) and (2.5), the determinant of the matrix can be represented in the
form

detRg =(v-C-v) "' (n-C-n~pc’l) 2.7)

The right-hand side of this equatity shows that, since the tensor C is positive-definite, the matrix Ry is non-degenerate
for any phase velacities with the exception of cases when pc? = )\.k(n C-n) (k = 1, 2,3 and A, denotes a characteristic
number of the corresponding matrix), that is, degeneracy sets in when the phase velocity ¢ is identical with the
velocity of one of the body waves which propagate in the direction of the vector m. It is clear that the matrix Ry is
non-degenerate in the case of subsonic Lamb waves.

2.2. Since the matrix Ry is not symmetric, its right and left cigenvectors, generally speaking, are different.
Henceforth, for brevity, the term “eigenvector” is to be understood as referring to the right eigenvectors of the
matrix R,

2.3. In its structure, the matrix Ry is similar to the matrix which is used to construct the “fundamental elasticity
tensor”. This tensor and the corresponding matrix were previously introduced in [12] and have been used to
investigate Rayleigh waves in anisotropic elastic half-spaces (see [11, 13-15], for example).

Theorem 2.1. 1. The set of roots of the characteristic polynomial of Christoffel’s equation (1.4) is
identical with the set of characteristic numbers of the matrix R,.

2. The spectral space of Christoffel’s equation (1.3) is identical with the surjection (2.6) of the spectral
space of the matrix Ry,

Procf. Suppose ¥, is a root of the characteristic polynomial of Christoffel’s equation (1.4) and mk 1s
the corresponding c1§envector which satisfies condition (1.3). Substituting the functions v(x”) = mye'
and w(x”) = yume™ corresponding to these y; and my into Eq. (2.4) we obtain

m, m,
n[ =Rg- ] (2.8)

Yy, Ymy

Hence, each root of Christoffel’s equation is also a characteristic number of the matrix Ry and the
corresponding eigenvector of Christoffel’s equation is identical with the vector F(myg).

Now, suppose ¥ is a characteristic number and (my; m}), m, m}, € C* is the corresponding eigenvector
of the matrix Ry, that is,

Tu =R, (2.9)

Relation (2.9}, together with (2.4) and (2.5), gives the equality
(yf(v-C-v)+‘f,¢(v-C-n+n-C-v)+(n-C-n—pczl)-mk =

which is identical with Eq. (1.3).
By virtue of what has been said at the end of Section 1, we have the following corollary.

Corollary. When condition (1.5) is satisfied, all the characteristic numbers of the matrix Ry are complex
and occur in its spectrum as complex conjugate pairs.
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3. A REPRESENTATICN FOR LAMB WAVES

The structure of the general solution of the system of first-order differential equations (2.4) in C° is
determined by the Jordan normal form of the matrix Rq [16]. By virtue of the corollary to Theorem
2.1, only three types of Jordan normal forms of the matrix Ry are possible at subsonic phase velocities
which, moreover, satisfy condition (1.5)

3P =diag(y), Y. - Vo) J§0 =diag(TP, T3, v v, J§V=diagT, ) (3.1)

v, 1 v, 1 0
ri=f, " rl=lo y, 1|s j=12
Y 0 0 ¥,

Remark 3.1. In expressions (3.1), it is possible to put
Yoo =Yzer k=12, ... (32)

Equalities (3.2) are possible by virtue of the corollary and Theorem 2.1. Next, since the matrix Ry is real, relations,
similar to (3.2), are also satisfied in the case of its eigenvectors

(my,_; M) =(Ty; my) (33)

Proposition 3.1. When the matrix Rg is normal and similar (on C) to the Jordan matrix J (6[), the following
condition is satisfied: either v, = +i or m;-m; = 0 (m, is the complex spatial image in the case of the
mapping F of the corresponding six-dimensional eigenvector of the matrix Rg).

Proof. Note that, under the conditions of Proposition 3.1, all of the eigenvectors of the matrix R can be chosen
io be orthogonal {this, generally speaking, is not so in the case of matrices which are similar to J g orJ g") (17},
Chapter VII, § 5)).

Suppose (my; m;), m, m;, & C’ is an eigenvector of the matrix Rg which corresponds to the characteristic number
Yo By virtue of relation (3.3), the condition for the eigenvectors (miy ;; m% ;) and
{my; m3) to be orthogonal has the form

Mgy ) Mgy = —M3y_) My (34)
It is obvious that a similar relation also holds for vectors with even subscripts. Next,
Yymy =mg, Vk (3.5)

follows from relation (2.9) when account is taken expression (2.4), which specifies the structure of the matrix R,
Relations (3.4) and (3.5) give

(1+y2)m, -m, =0 (3.6)
which completes the proof.

The transition from first-order system (2.4} to initial system (2.2), taking account of the results of
the general theory of matrix differential equations ([16], Chapter 4), enables one to represent the
corresponding general solutions (the matrix of the fundamental solutions) in the form

6 L4
vy = 3 Cm e’
k=1
(I, o z ” Yex” 3 Tex”
v x )=kz| (Cop_y + Cppx"Imye +k):,3 Cp,omye (3.7)
(M, ory 2 " »2 Yex”
VIUX")= F (Cyog + Gy X7+ Cap x” )m e+
k=l

where C, are¢ complex coefficients to be determined.

Remark 3.2. In the case of scalar differential equations, the unknown coefficients C, are independent and are
determined, as a rule, from the boundary conditions. In the case of matrix differential equations similar to (3.4),
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these coefficients may be dependent ([16], Chapter 4) and the possible relations between them are determined by

substituting the corresponding solution into the initial equation.

Proposition 4.2. 1. In the representation for v(", all the coefficients C, are independent.
2. In the representation for vV, the coefficients C; and C, are zero.
3. In the representation for v(mj, the coefficients C,, C3 and Cs, Cg are equal to zero.

Proof. Assertion 1 is obvious since the matrix R, does not contain Jordan blocks.
In order to prove assertion 2, we substitute the solution corresponding to one of the Jordan blocks (for example,
the block containing y;) into (2.4). This gives

(GA + xCoA + C,B)- mye ™™ =0
A=yil+yN+M, B=2yI+N (3.8)
The matrices M and N are defined by formulae (2.5). It follows from (3.8) that
m; € kerA (3.9
and either C; = 0 or the following condition is satisfied
m; € kerB (3.10)

‘We will now show that it is impossible to satisfy the last two relations in the case of complex y;. When account
is taken of (2.5), condition (2.9) gives

m,-(27,{v-C-¥)+(»-C-n+n-C-¥))-m, =0 (3.11)
However, when the fact that the tensor (»- C-v) is positive-definite is taken into account, condition (3.11) is

incompatible with the condition Im(y,) # 0.

In order to prove assertion 3°, we substitute the solution corresponding to the Jordan block containing
vy into Eq. (2.4). This gives

(C) +xCy + x2C3)A +(C; +2xC; )B+2C3])-m|e7"'” =0

Further analysis shows that condition (3.9) is satisfied and assertion 3° follows from this when account
is taken of equality (3.11).

By virtue of Proposition 3.2, the structure of a Lamb wave depends on the existence and rank of Jordan
blocks in the Jordan normal form of the matrix R¢. Taking account of relations (3.7), we can write the
representation for a Lamb wave in the form

, 6 for J¥
u(x)= 3 Cum, MV p =04 for JEY (3.12)
k=1 2 for Jlﬁl")

In (3.12), the arbitrary coefficients C,, corresponding to ng, and ng), have now already been
renumbered compared with the numbering in relations (3.7).

4, THE DISPERSION EQUATION

It is assumed that the homogeneous boundary conditions in the stresses
x-v=th: t=iv.C--Vu=0 (4.1)

are satisfied on the surfaces of a layer (24 is the layer thickness).
Substituting the displacement field (3.12) into boundary conditions (4.1) and changing to the
dimensionless coordinates x” = ir(v - x) we obtain
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P

Y Gt e =0

k=1

t,=(v,v-Cv+v-Cn)m,, E=irh (4.2)

(the parameter p is defined by the group of equalities in (3.12)).

The boundary conditions in the form (4.2) can be treated as a non-trivial solution of system (4.2)
with respect to the unknown coefficients Cy (k = 1, ..., p); the latter is equivalent to all of the complex
determinants of order p vanishing:

t,e™ M5t et TP
8, =det ?

—0 (4.3)
Plte s te

53

Equations (4.3) are the required dispersion relations which give, by mean of the preliminary solution
of differential equation (2.4), the link between the phase velocity ¢ and the wave number # or the phase
velocity and the angular frequency @ = rc.

The question of the solvability of Eqs. (4.3) in the case of arbitrary anisotropy was not investigated
but the following assertions hold.

Proposition 4.1. Suppose Re(y,) = 0 for any k. Then, a Lamb wave with a phase velocity which satisfies
condition (1.5) cannot just consist of the corresponding partial wave.

Proof. Suppose the corresponding partial wave satisfies Egs. (4.3). This is equivalent to the equality
=0 4.4
On multiplying both sides of this equality by the vector fii,, we obtain
Y v®m, - C-om, ®v+v@m, -C--m, @n=0 (4.5)

It now remains to note that, when Im (y,) # 0, the imaginary part of the expression on the left-hand side of (4.5)
also non-zero by virtue of the fact that the elasticity tensor is positive-definite. Hence, it is not possible for the
left-hand side of this equality to be equai to zero.

Proposition 4.2, Under the conditions of Proposition 4.1, a Lamb wave cannot be formed by two
partial waves corresponding to conjugate characteristic numbers (to roots of the characteristic
polynomial).

Proof. Suppose a non-trivial solution of system {4.2) exists for any conjugate characteristic numbers, such as y,
and y;, for example. In this case, we must put p = 2, and conditions (4.3) that the second order determinants should
vanish reduce to two equations. The first equation can be represented in the form

t| x.t-| =0 (46)

where Im (y;) # 0 by virtue of (1.5) so that Im (t;) # 0. Equation (5.6) expresses the condition for the collinearity
of the vectors t; and t;:

t] = (e, i. =0e (4.7)

where « is a certain non-zero complex constant and e R®. When account is taken of condition (4.7}, we write
the second equation following from (4.3} in the form

PRSI

P I

ae" s Ge

5, =det =0 {4.8)

2

It is clear that, when Im () # 0 and & # 0, it is impossible for the left-hand side of equality (5.8) to
vanish.

Corollary. Lamb waves corresponding to the normat Jordan form J gm) do not exist under the conditions
of Proposition 4.2.
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5. LAYERS OF MATERIAL WITH CUBIC SYMMETRY

It is shown below that the Jordan blocks (of rank 2) in the Jordan normal form of the matrix Rg occur
even in layers made of materials with cubic symmetry when the middle plane coincides with a plane of
elastic symmetry and the directions of propagation coincide with one of the crystallographic axes.
Suppose the elasticity tensor of a crystal with cubic symmetry in the crystallographic axes specified by
the vectors e, (k = 1, 2, 3) has the form

C= nze&®ek®e*®ek+12ek®ek®e Re,, +
kam

+4u Y, sym(e, @e, )®sym(e, ®e,) (5.1)

k<m

sym(e, ®e,)=Y(e, Ve, +e, Re,)

(n, A, u) are the constants of clasticity).
The condition of positive definiteness (1.2), which is imposed on the tensor C, gives

n-A>0, N+2A>0, pn>0 (5.2)

Suppose the unit vectors v, the normals to the middle plane of the layer, and n, the directions of
propagation of a Lamb wave, are orientated along the crystallographic axes of the crystal. Substituting
the elasticity tensor (5.1} into the last two equalities of (2.5) are obtain

P a2 —apl?
]\¢I=(E-_p£-vtiiiv+n—ant8>n+u pe W®WJ. w=¥Xn
n 13 [

N=(%v®n+}%n®v] (5.3)

When account is taken of equalities (5.3), analysis of the structure of the matrix R leads to the conclusion
that the following assertion holds.

Proposition 5.1. 1, The relation between the phase velocity, the density and the constants of elasticity
of a cubic crystal

|l+u| M+p)(n+A)(A+2u-1)
+AIA+2 54
2ot VIR A 2u =) - o (5.4)

is necessary and sufficient of the occurrence of the Jordan normal form J g“).
2. The characteristic numbers of the matrix R, which correspond to (5.4) can be represented in the
form
Y1 =“V,’f;‘l’n/'v Y2==Y1: Y3 ="‘I’;’l§- Ya=—Y3
(5.5)
Wu=1-pcp, Yo=1-pc?/m

where ¥, and y; correspond to Jordan blocks.

3. The amplitudes my, corresponding to the characteristic numbers ¥, have the form (p is 2 normalizing
factor)

m,=p(ivl.|:,"1{'+n\|r,’;_/‘), m =i, my=my=w
(5.6)
1
p=(yit+yi

By substituting expressions (5.5) and (5.6) into dispersion equation (4.3) and taking account of equality
(5.1) it can be shown that Eq. (4.3) is not satisfied by any values of the parameter &, In fact, substitution
of the amplitudes (5.6) into the dispersion equation leads, after some reduction, to two independent
equations with (6 x 2)-matrices, which have already been encountered in the proof of Proposition (4.2).
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We therefore obtain the following theorem on the existence of forbidden directions and velocities for
Lamb waves.

Theorem 3.1. Under the conditions of Proposition (5.1), Lamb waves, propagating in the direction
of the crystallographic axis of a cubic crystal, do not exist.

Remark 5.1. In the formulation of Theorem 5.1, we speak of the impossibility of the propagation of a Lamb
wave at a completely defined value of the phase velocity which satisfies candition (5.4). At other values of the phase
velocity, when condition (5.4) is violated, Lamb waves can perfectly well exist.

From a practical point of view, it is interesting that the disappearance of Lamb waves at certain phase
velocities is observed for all cubic crystals for which the components of the elasticity tensor satisfy the
condition

A+2u>m

Actually, when this condition and the condition of positive definiteness (5.2) are satisfied, the phase
velocity, defined according to (5.4), is positive and satisfies condition (1.5).

A simple physical interpretation can be given of the disappearance of Lamb waves which propagate
in the directions of elastic symmetry of cubic crystals if it is noted that, for fixed values of the constants
of elasticity, density and values of the phase velocity which differ only stightly from those determined
using (5.4), the Jordan normal form of the matrix Rs now does not contain Jordan blocks and a Lamb
wave is formed by six partial waves. In this case, dispersion equation (4.3) splits into an equation
containing a fourth-order determinant and an equation with a second-order determinant, which is
analogous to Eq. (4.8). It has been established in Proposition 4.2 that this last equation does not have
non-trivial solutions. A more detailed treatment of the first equation shows that it has non-trivial solutions
everywhere except at the point ¢y, where the phase velocity satisfies condition (5.4). However, in the
neighbourhood of this point when ¢ — ¢y, the characteristic numbers of the matrix R, and the
corresponding amplitudes satisfy the conditions

3> Ya—2M%
(GN))]

m; —m, my — my

Here, in accordance with the notation of (3.2), y; = T; and y; = ¥, and similar equalities hold in the
case of the amplitudes. At the same time, the corresponding root solutions of Eq. (4.2) when ¢ — ¢,
satisfy the conditions

C3 —)—C|, C4 —-)—Cz (58)

By combining relations (5.7) and (5.8) it can be shown that, when ¢ — ¢, the partial waves, multiplied
by the corresponding coefficients, are mutually annihilated, which also leads to the disappearance of
the resulting Lamb wave.

REFERENCES

1. LAMB, H. On waves in an clastic plate. Proc. Roy. Soc. London. Ser A., 1917, 93, 648, 114-128.
2. STRUTT, I. W. (Lord Rayleigh), On wave propagated along the plane surface of an elastic solid. Proc. London Math. Soc.,
1885, 17, 253, 4-11
STANELEY, R., Elastic waves at the surface of separation of two solids. Proc. Roy. Soc. London. Ser A, 1924, 106, 738, 416428,
. BREKHOVSKIKH, L. M., Waves in Muitilayered Media. 1zd. Akad. Nauk SSSR, Moscow, 1957,
. VIKTOROV, 1. A,, Surface Acoustic Waves in Solids. Nauka, Moscow, 1981.
. CHIMENTI, D. E. Lamb waves in microstructured plates. Ultrasonics, 1994, 32, 4, 255-260.
. GUO, N. and CAWLEY, P, Lamb wave propagation in composite laminates and its refationship with acousto-ultrasonics.
NDT & E Inr., 1993, 26, 2, 75-84.
. ERMOLOV, V. and LUUKKALa, M., Lamb wave propagation in magnetostrictive polycrystaliine ferrite plates. /. Appl. Phys.,
1993, 73, 8, 4110-4112.
9. ZHU, Q. and MAYER, W. G., On the crossing points of Lamb wave velocity dispersion curves. [ 4coust. Soc. America, 1993,
93,4, 1, 1893-1895,
10. FREEDMAN, A., Comment on the crossing points of Lamb wave velocity dispersion curves. L. Acoust Soc. America, 1995,
98, 2363-2364.
11. CHADWICK, P. and SMITH, G. D., Foundations of the theory of surface waves in anisotropic elastic maltcrials. Advances
in Applied Mechanics. Acad. Press, 1977, 17, 303-376.
12. STROH, A. N., Steady state problems is anisotropic elasticity. . Math. Phys., 1962, 41, 2, 77-103.

N AW

oo



13.
14.
15.

16.
172

Subsonic Lamb waves in anisotropic layers 299

BARNETT, D. M. and LOTHE, J., Synthesis of the sextic and the integral formalism for dislocations, Green’s functions,
and surface waves in anisotropic elastic solids. Phys. Norv., 1973, 7, 13-19.
GUNDERSON, S. A., BARNETT D. M., and LOTHE, I., Rayleigh wave existence theory: a supplementary remark. Wave

Motion, 1987, 9, 319-321.

TING, T C. T and BARNETT D. M, Classifications of surface waves in anisotropic elastic materials. Wave Motion, 1997,
26, 207-218.

HARTMAN, P, Ordinary Differential Equations. Wiley, New York, 1964,

BOURBAKI, N., Elements de Mathématique, Livre 1i. Algébre. Hermann, Paris 1958,

Transiated by E.L.S.



